Problem with a solution proposed by Arkady Alt , San Jose , California, USA.
Let D = {(x,y) | x,y e Ry, x £ yand x’ = yx}.(Obvious thatx # landy = 1).
_ _ -1

Find sup (xlzil)

(x.y)eD
Solution.
Since D is symmetrical then D = D. U D., where D. := {(x,y) | x,y e Dandx < y}
and D, = {(x,y) | x,y € Dand x > y}.

Let f{x) = x%,x > 0. Since f'(x) = f(ig(l — Inx) then f{x) strictly increasing
X
on (0,¢] and strictly decreasing on [0, ) with mf})xﬂx) = fle) = e%.

Therefore, noting that x = y* < x% = y% < f(x) = f{y), we can conclude
that (x,y) € Do = x <e < y,and (x,y) € D = y < e < x. (otherwise if x,y
both belong to (0,¢) or (e,») then, due to monotonicity f(x) equality f{x) = f(y)
yields x = y,that is the contradiction.

And, also, if x = etheny > e = fle) = f{y) < fle)).

Also note that if (x,y) € D< then x > 1.Indeed, since x* = y* <

y = xlog_y, then supposition x < 1 implies 0 < % = log y < 0, i.e. contradiction.
Hence (x,y) € D. = x € (l,e), y € (e,) and then

(x,y) € D = x,y € (1,e) U (e,»).

Lets:=1logy—1.Thenlogy=t+1 < y=x""andy = xlogy <
y=x(t+1).

Hence y = x**!, and, therefore, x*! = x(t+1) @ x' =t+1 <

x=(t+ 1)% =y=(t+ 1)”%, where ¢ > 0 (since 1 < x < y)

Thus, D. = {((t+ 1)%,(z‘+ 1)“%) | te (0,00)} is set of all non-trivial

solution of equation x¥ = »*, satisfied x < y.
Sincet=1logy—-1then(x,y) e D = 1<y<e<x=
l<y<xeologl-1<logy-1<logx-1<-1<t<0.

Therefore, D. = {((t+ 1)%,(t+ 1)”%) | t e (—1,0)} and

D - {((Hl)%,(zu)”%) | te (—1,0)u(o,oo)}.

Note that limx = lim(r+ 1) T = eand limy = lim(t+ )" T = e,

Since x < e < y then x and y approaches to e from left and right respectively.
We also have limx = lim(t+ 1) 7 = 1and limy = lim(:+ 1)"*7 = c.
Remark 1.

1
Correspondence ¢t ~ x(t) = (¢t+1) ¢ : (0,00) — (1,e) is one-to-one
correspondence, moreover x(¢) is strictly decreasing on (0,«). Indeed, since

: In(1
(Inx(1))' = t(tJlrl) - n(tz”) - t%(ﬁ—ln(lﬂ))




suffice to prove that —— — In(1 + ¢) is negative for ¢ > 0.

t+1

. t o1 1
Butltlsso,because(lel ln(1+t)> G+ 12 1+ (1417

t 0o _ _
and then T ln(1+t)<OJrl In(1+0) =0.

1
Thus equationx = (¢+ 1) + forany x € (1,e) always have unique solution #(x) € (0,o)

1
and then y(x) = (¢(x) + 1)1+ 1) is function of x, such that D. = {(x,y(x)) | x € (1,e)}.
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Let H(x,y) = (%) .
2xy 2xy 2y

For (x.y) € D we have H(x.y) = 5535 = o = Tog "

1
1+—
EiGAYE jjé - e"® where
1
o2+ DT o0 In(e+ 1)
h(t) =1In o =In g + 7 ,t € (0,00).
Then sup H(x,y) = sup H(x,y) = sup ¢"® .
(x)eD (x,y)eD< te(0,00)

/ _ 1 2 _ 1 2t
Note that '(1) = —-L-In(c+ 1) + 255 = - (z+z ln(t+l)> <0.
Indeed, since (—2L— —In(t+1)) = —4 1 ____ ¢~

t+2 ( )> (t+2)2 t+1 (t+2)2
then ti—tz —In(¢+ 1) is decreasing on (0,) and, therefore,
2% T _

2L —In(+ 1) < 1;151(”2 In(z + 1)) 0.

Hence, Ai(?) is decreasing on (0,x) and, therefore,

. L 242 , In(z+1)\ .. 242 .. In(t+1)
h(t) < lg})lh(t) = lthrgl(ln ) + 7 = 1th151 In 1 + 1%1 — =
0+ 1 = 1yields suph(t) = 1.
0
Thus, sup H(x,y) = eor, in form of inequality
(xy)eD
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(%) < e, wherex,y > 0,x # yand x = y*.





